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PART I. LIDAR CROSS SECTION OF A TILTED CUBE-CORNER RETROREFLECTOR 
ABSTRACT 
Lidar cross section of some typical types of cube-corner retroreflectors 
( C C R ' s )  having a three corner mirror system is investigated for the case that 
the CCR is tilted from the normal illumination axis. 
the effective aperture area for the two typical window types (circular and 
hexagonal) of CCRs are obtained for the case that the CCR is tilted. 
of incidence angle in which only the total reflection occurs at all three 
uncoated corner mirrors has been found to vary considerably with the 
orientation of CCR and the refractive index of the CCR prism. 
expression for the far-field diffraction pattern of a tilted CCR is obtained by 
taking different polarization transformation of the six sectors of the 
effective reflecting aperture into account. This expression is essential when 
evaluating the lidar cross section of a moving CCR which is tilted in general. 
Formulas for the angles defining the s ix  sectors have also been obtained. 
Analytic expressions for 
The range 
The analytical 
I. INTRODUCTION 
Analysis of the lidar cross section of a cube corner retroreflector (CCR) 
has become important under the enlightenment of its iise in ranging satellites 
[l] and on the moon [ 2 ] .  
may be designed to have a hexagonal, triangular, or circular front view. 
According to the existence of coating on the triple-corner-mirror system, they 
may be classified t o  coated-mirror CCRs for wider retroreflecting solid angle 
and uncoated-mirror CCRs for better reflectivity and longer life in space. 
According to the array shape of CCRs ,  there are honey-comb array (retroreflec- 
There are various types of CCRs or array of CCRs.  It 
tors for traffic signs and automobiles), flat array (on the moon), spherical 
array (e.g., the Laser Geodynamic Satellite (LAGEOS)), etc. Some CCRs have an 
intentional dihedral angle error for diffusing the reflected beam. In every 
case, lidar cross section analysis gives us some ideas on how to analyze the 
signal received from existing CCR arrays and on how to design those new CCRs .  
We shall consider the lidar cross section of a single CCR whose front view 
is either circular or hexagonal, whose triple-mirror system is either coated or 
uncoated. To this end, the range of effective angle of incidence and the area 
of effective retroreflecting aperture is found. 
effect will also be considered as well as the velocity aberration effect. 
analytical expression of the far-field diffraction pattern is obtained for a 
tilted CCR in terms of the Kirchhoff integral of the complex amplitudes of two 
linear orthogonal polarizations transformed while being reflected. 
effective reflecting aperture over which the Kirchhoff integral should be 
carried is divided into six sectors having their own transformation matrices. 
It is a generalization of the work of Chang et al. [ 2 ]  who obtained the 
expression of the diffraction pattern for a normally illuminated CCR with a 
The far-field diffraction 
The 
The 
3 
circular face. Throughout this work the effect of dihedral angle error is 
assumed to be nonexistent. 
11. EFFECTIVE RETROREFLECTING APERTURE AND REFLECTIVITY 
Suppose a CCR with a circular front window, sometimes called a cylindrical 
CCR, is tilted from the normal illumination. That is, light enters the CCR 
with the entrance angle 9. Then, the portion of effective retroreflecting 
aperture looks like Fig. 1 if we look at the CCR along the illumination axis, 
and its area is given by 
) ,  (2) 
-1 sin ip + = sin (- n 
where a is the radius of the circular face and d is the depth of the vertex 
from the front face. n is the refractive index of the CCR prism. For the 
front face to be circular, d 2 fla. Usually d = e a  is chosen for maximum 
A ( @ )  and henceforth we shall assume this configuration for a CCR with a 
circular face. The formula for d = d a  was given in Ref.[l]. Note that the 
reflectivity and the area of the effective reflecting aperture are important 
factors that determine retroreflectance in the near-field. In fact, if the 
triple-corner-mirror system in a CCR is coated with metal, the reflectivity 
depends on the kind of metal as well as on the angle of incidence and the 
polarization of the incident light. Whereas, if corner mirrors are uncoated 
the reflectivity depends on whether the condition of the total reflection is 
satisfied or not inside the CCR prism. If total reflection occurs three times 
4 
Y 
c- 
Figure 1. Two front views and the side view of a cube-corner retroreflector 
with a circular face, a) the front view when the observation axis 
is coincident with the reference axis which is perpendicular to the 
window face, b)  the front view when the observation axis is tilted 
from the reference axis. The effective reflecting aperature is 
shown unhatched with the coordinates (x,y) whose origin is at the 
vertex seen through the window face, c) the side view with the 
image (dashed) of the front window that would be seen inside 
through itself. 
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consecutively inside the CCR prrsm, the reflectivity is unity during those 
three reflections. Hence the light intensity is only attenuated as light 
transmits into and out of the CCR prism through the front face. However, if 
the condition of the total reflection is not satisfied at one of the three 
reflections, the reflectivity drops to a negligibly small fraction and 
considerable light intensity passes through that surface. Such a negligibly 
small fraction of retroreflection is due to the Fresnel reflection at the 
corner mirror where total reflection does not happen. 
Here we shall consider the condition of the total reflection associated 
with the direction of the illumination axis and the orientation of a CCR. We 
define various directions and their corresponding angles as they are shown in 
Fig. 2 .  For simplicity, we shall assume that there is no dihedral angle error, 
that is, the three corner mirrors are at right angle to each other. To find 
the condition of the total reflection we have to find the incidence angle of 
light with respect to each of the three corner mirrors where the light is 
reflected consecutively inside the CCR prism. Two angles are given - 0 ,  the 
incidence angle of light illumination on the front window, and y ,  the azimuth 
angle measured from the direction to one of the three azimuths for the three 
edges of a CCR. At each edge two corner mirrors intersect. Given these two 
angles, we can find aand 8, the latitude and longitude, respectively, in the 
spherical coordinate system (Appendix A ) .  
sina = - 1 (cos + + fi sin+ cosy), 
J3 
0 < a <  n/2, 
n J5 cos+ - sina cos(f3 - 7;) = 9 
m a  
o <  f 3 <  n/2, 
( 3 )  
( 4 )  
/ 
/ 
e2 
n 
A 
Figure 2. Coordinate system for a cube-corner retroreflector. Various angles 
and directions are depicted as i t  would be seen by an observer 
inside the reflector prism. The reference-axis unit vector is 
denoted by c. 
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where 0 is the refracted angle inside the CCR prism given in Eq. (2). We 
may also find cosine of the incidence angles of light on the three corner- 
mirror planes. They are sina for the mirror plane placed horizontally in the 
coordinate system shown in Fig. 2, and cosa cos6 and cosa sin6 for the two 
mirrors placed vertically and at right angle to each other. When the corner 
mirrors are not coated, all of these three values of cosine should be less than 
m, cosine of the critical angle of total reflection, to ensure the 
total reflection. That is, 
cos$l = cosa cos6 < KZ, 
2 
= sina < 11 - l/n , 
These three inequalities determine the retroreflecting angle range of the 
incidence angle 0 at a specific orientation of the CCR. Only one of the three 
incidence angles does not satisfy the condition when the three inequalities are 
not satisfied in all. Let this incidence angle be J ~ .  
polarization whose electric field is parallel to the mirror plane and the TM 
polarization which is orthogonal to TE, the reflection coefficients for the 
electric field amplitude are 
Then for the TE 
-1 respectively, where Y = sin (n sin J;n). rn 
If we neglect the retroreflection by multiple-order reflection inside the 
CCR prism. 
determined by the attentuation when light passes through the front window in 
The first-order reflectivity of an uncoated-mirror CCR is 
and out. This attentuation depends on the polarization of the incident light 
and on the existence of antireflection coating. Here we shall not include the 
effect of antireflection coating in our analysis. For the TE polarization 
whose electric field is parallel to the front window and the TM polarization 
which is orthogonal to TE, the transmission coefficients for the electric field 
amplitude as it enters the CCR are [ 3 ]  
2 cos4 
ncos4 + cos+ 
in 
TM 
t ( 4 )  = 2 cos4 
in 
TE ('1 = cos4 + ncos+ 9 
respectively. Those coefficients for the light coming out are 
2n cos+ 
cos+ + n cos@ 
out 
TM 
t ( 4 )  = 2n cos+ 
out 
TE ('1 = n cos+ + cos4 9 
(9) 
Here we have not considered the polarization change brought about during 
the three consecutive total reflections at the three corner mirrors. It is 
expected that the retroreflected light will come out of the front window with 
six different polarizations depending on the location where the light comes out 
[2]. One may observe those six sectors that look like pie cuts as he sees 
through a tilted CCR. 
For a given aspect of the CCR, there are three incidence angles, *1, 'L2, 
3 and 9 inherent to the reflections at the three corner mirrors regardless of 
their order of  reflection. However, light comes out with six different 
polarization states according to the six different permutations of the three 
internal reflections. It is just as a series of different birefingence plates 
do not commute unless their corresponding two orthogonal eigenpolarization 
states coincide between the plates [ 4 ] .  
8 
8 
1 
9 
If the triple-mirror system is coated with metal, e.g., aluminum or 
silver, the expression for the attenuation in this case will be rather 
complicated than the case of an uncoated CCR, and the result may be inaccurate 
unless very accurate data of the conductivity and the dielectric constant of 
the metal at the wavelength of the light being used is provided. 
Most CCRs that are used as retroreflectors in vehicles or for traffic 
signs have a hexagonal front view and form a flat honeycomb-like array made of 
plastics without rear-side coating. Hence the knowledge on the effective 
reflecting area A ( * , y )  of a tilted CCR with a hexagonal front window is needed 
for the calculation of its retroreflectance. 
effective reflecting area of a tilted CCR is found in Refs.[5] and [ 6 ] .  Based 
on this method, we can find explicit expressions for its computation as 
follows. We can easily find that there is a hexagonal symmetry for the 
condition of total reflection and thus for the computation of the effective 
retroreflecting area. 
after transforming the given azimuth angle into an equivalent azimuth y' in 
this sector. By choosing this sector in 0 < y' < ~/3, the transformation is 
given by 
The method for finding the 
So we may consider only one of six equivalent sectors 
Then by the rule given in Eqs.(3) and (4) we can find a new set of angles, a' 
and e ' ,  from 4 and y'. Next, according to the value of tan a', we can find the 
effective retroreflecting aperture area normalized to the case of normal 
incidence ( 4  = 0). (Appendix B) 
10 I 
3 
I 
I 
I 
1 
I 
II 
B 
8 
I 
I 
E 
1 
1 
t 
I 
I 
I 
2sin2p' cosa' cota', [ for 2cosB' 5 tana', 
- =  sinw (4cosa' - sina'/cosB'), 
for cosf3' 5 tana' 5 2cosf3', 
sin@ cosa' ( 4  - cosw cota'), 
for sin6' 5 tana' 5 cos@'. 
A(%Y) cos* 
A(o,y) ~3 sing 
Actually tana' < 1 / n  is preexcluded from the possible range of the angle a' 
that the first sector can take. In Fig. 3 ,  this effective retroreflecting 
aperture area and the beam reflectivities are plotted in Fig. 3 for two sample 
azimuthal directions of a CCR by varying the entrance angle. 
for two types of CCRs; the one having a circular face with the refractive index 
They are plotted 
n = 1.455 of quartz and the other having a hexagonal face with n = 1.5 of 
plastics. The beam reflectivity is the absolute square of the product of the 
two kinds of transmission coefficients in Eqs .  (9)-(10) and the reflection 
coefficient in Eq. ( 8 ) .  The last coefficient may not be considered when total 
reflection only occurs in the triple-mirror system. The FORTRAN program for 
computing and plotting such area or the beam retroreflectivity of the foregoing 
two typical types of CCRs is given in Appendix C. 
The near-field retroreflectance of a CCR with an uncoated corner-mirror 
system can be found by multiplying the effective reflecting aperture area and 
beam reflectivity of light passing through the front window and then 
normalizing it with respect to the case of normal incidence. 
As one can easily see, the effective reflecting area does not vary so much 
with the varying azimuth angle. However, i t  varies considerably with the 
entrance angle. Moreover, when the CCR has uncoated corner mirrors, the 
acceptance angle range in which only the total reflection occurs at the triple- 
corner-mirror system varies considerably according to the orientation of the 
8 
1 
I 
I 
n 
0.40 
0.20 
I 
I 
I 
I 
I 
4 
I 
I 
Figure 3 .  (a) The variations of the normalized effective retroreflecting 
aperture area and the beam reflectivity with the varying entrance 
angle 4 for the cube-corner retroreflector with a circular face. 
The refractive index has begn set a& n = 1.455 of quartz. 
sample asimuth angles y =  0 and 90 from one edge direction 
have been chosen. -o-u- The common effective retroreflecting 
aperture area for both azimuths. tt. [ C L ]  The beam reflectivity 
for y = 0 
--- The beam reflectivity for both azimuths when the triple-mirror 
system is coated. ( b )  Those variations for the one having a 
hexagonal face. The refractive index has been set at 1.5. 0-0- [w Tbe effective retroreflecting aperture apea for y = 0' 
[ y = 90 1 .  +[I-+] The beam reflectivity for y = 0' [ y = 90') 
when the tripple-mirror system is uncoated. -++- [-&-&I The beam 
reflectivity for y = 0 
coated. 
Two 
0 [ y  = 90'1 when the triple mirror system is uncoated. 
0 
[ y  = 90'1 when the tripple-mirror system is 
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Figure 4. Variations of the near field retroreflectance for the two types of 
corner-cube retroreflectors considered in Fig. 3 (a) and (b). 
(a) The one with a circglar faceo(n = 1.455) 
for both azimuths when coated 
(b) The one with a hexa onal face (n = 1.5) 
CC [++I for y = 0 [ Y  = 90 1 when uncoated 
-e* - 
-tt [CI] for y = Oo 6 [ y = 90;)  when uncoated 
-~-o-[-A-d] for y = 0 [ y  = 90 ] when coated. 
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CCR and the refractive index of the CCR prism. In Fig. 5, the maximum 
allowable entrance angle for the three cases of retroreflection by the two 
front-view types of a CCR is plotted as we vary the azimuth angle y. 
FORTRAN program that computes the maximum entrance angle is the program 
CRITANG, and CRITGRM plots it. They are shown in Appendix C. 
The 
111. LIDAR CROSS SECTION IN TEE FAR-FIELD WITH THE VELOCITY ABBERATION EFFECT 
If the CCR is far away from the receiver, we have to consider the 
diffraction of the reflected beam. For a rough estimate, when a circular 
aperture of diameter 2 . 5 4  cm is illuminated perpendicularly by light of 
wavelength 6 9 4 3  A, the first zero in the far-field diffraction pattern occurs 
at 6 arcseconds off-axis from the reference axis. The broader the diffracted 
beam, the less peak power we can detect at a receiving point. If the CCR is 
tilted with respect to the illumination axis, the diffraction pattern becomes 
broader with the less receiving power. A small dihedral angle error may make 
the diffraction pat tern irregular, which also decreases the receiving power. 
If the CCR target has a velocity to the direction right to the illumination 
axis, finite round-trip time induces the velocity aberration effect that 
displaces the maximum of the diffraction pattern from the illumination axis. 
In this section, we shall investigate the diffraction pattern of a tilted 
CCR having a circular window, since most CCR arrays being used in space are of 
this type. The diffraction analysis of a tilted CCR has its worth when we 
consider, at the same time, the decrease in receiving power due to the velocity 
aberration effect of the moving target, i.e., the ranging satellite. The 
far-field diffraction pattern for the case of normal incidence to a CCR with a 
circular front window was investigated by Chang et al. [ 2 ] .  They were 
concerned with the flat rectangular array of CCRs such as the array on the 
moon, which always faces to the earth. 
16 
AZIMUTH ANGLE 
Figure 5. Variation of the maximum entrance angle under which the incident 
light is effectively or totally reflected at the triple-mirror 
system as a function of the azimuth angle y. Line (a) and ( b )  
represent these variations for the cases of  the coated and uncoated 
triple-square-mirror systems, respectively, while line (c) 
represents that for the case of the uncoated triple-mirror system 
with a circular face. 
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If a CCR is tilted, the effective reflecting aperture has a symmetric 
streamlined shape as is shown unhatched in Fig. 1. Suppose the aperture is 
illuminated with a plane wave of the wave number k and the polarization 
represented by its electric field, [Eix, E. J e ik(z4ct) where c is the 
1Y 
velocity of light, and the superscript "T" refers to the transpose. 
choose Eix, the x-component to be the TM component to the front window of the 
CCR, while E to be TE component. Then, the far-field diffraction pattern of 
the retroreflected light may be found by the Fraunhoffer diffraction formula 
We may 
iY 
under the Kirchhoff's physical approximation. Considering the six different 
polarization outputs, one may express the electric field at the photodetector 
on the ground as E (X,Y)e -ik(z+ct) with the column vector, g 
Eg(X,Y) = - IS t M(9) Tin Cix]exp[-i (Xx + Yy)] dxdy , (13) 
2n aperture 
iY 
X = ~ C O S ~ ,  y = r sin 8 ,  (14) 
aside from the constant phase factor. 
the CCR to the receiver. (x,y) or (r,e) is the two-dimensional coordinate on 
the CCR aperture, while (X,Y) is that on the receiving plane. Note that the 
x-axis joins the center of the aperture and the center of the front window of 
the CCR on the projection plane. 
the center of the effective reflecting aperture. 
Here i = a, and L is the distance from 
The origin on the (x,y) plane is chosen at 
in 
t~~ 
Tin = [ 
out 
t~~ 
Tout = [ Oout I 
t~~ 
Note that there are six different orders of reflection at the three corner 
mirrors, which gives the following six different matrix representations for the 
role of the triple corner-mirror system on polarization according to six 
different ranges of azimuth e. 
M3 M2 M1 ' 
"3 M1 M2 ' o3 < e 5 o2 + II 1 M3 M2 ' M(8) = o2 + A < e 5 o1 
o1 < e 5 o3 + II 
o3 + R < e < o2 
o2 < e 5 o1 + A 
*1 M2 M3 ' 
"2 M1 M3 ' 
M2 M3 ' 
cOse sine 3 -sine cose 
2 cos9 - in in sin29. - 1 
cos$ + in In sin $ - 1 
P T M ( $ ' )  = - j 
J 9 
2 2  
j j 
2 2  ncos9 - i J, sin $. - 1 
+ i J, sin 9. - 1 
+E($.) = j 
3 ? 
2 2  ncos9 
j J 
where the three angles of incidence to the three corner mirrors, q1, q2, and 
J"3, are given as their cosine values in Eqs.(5)-(7), respectively, while the 
angles a and @have been found in Eqs.(3)-(4). Various transmission 
coefficients in Eq.(14) are given in Eqs.(9)-(lO). The six sectors of the 
18 I 
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effective retroreflecting aperture are divided at 8 = 0. , 0. + R, j = 1, 2, 3 ,  
whose tangents are given by (see Appendix D) 
J J  
tan@. = tane. (cos+/cos@), j = 1, 2, 3 . (21) J J 
where 8 . ’ s  are the azimuth angles dividing the six sectors viewed inside the 
CCR prism as shown in Fig. 6 .  They may be found from 
J 
1 - cosa cos6[sina + cosa (cos6 + sins)] cosel = 
2 2 J3 sin+ J1 - cos a cos 6 
2 2 sin a - sina cosa sin6 + cos a cos6 (cos6 - sins) cose2 = 
2 2 J5 sin+ f - cos a sin 6 
cosa - sina (cos6 + sins) 
&sin+ 
 COS^^ = 9 
The ambiguity involved in the inverse trigonometry in Eq.(21) can be resolved 
by noting that the angles 0. and 8. are in the same quadrant in the x-y plane. 
3 3 
The integration in Eq.(13) may be evaluated by the two-dimensional 
discrete Fourier transform. It may also be benefited by making use of the fact 
that the geometry has a radial symmetry. 
In a special case of a CCR with the three corner mirrors that can preserve 
the polarization as in the case of highly reflecting metal-coated corner 
mirrors, M ( 0 )  can be considered as an identity matrix. In this case, the 
above integration (13) can be evaluated by the extended use of the 
two-dimensional Fourier transform of an isosceles and that of a trapezoid which 
were given in Ref.[7]. That is, we first segment the aperture into 2N stripes 
with an identical width as shown in Fig. 7. The two segments at the top and at 
t 
Y 
Figure 6. The front view of a cube-corner retroreflector seen inside along 
the internal axis (p) refracted from the external observation axis. 
The six sections are defined by the azimuths 8 = em, em + n, m = 1, 
2, 3 .  
f 
1 
I 
I 
8 
1 
X 
X =  - F  
21 
X 
v 
Figure 7. The streamline-shaped effective reflecting aperture is segmented 
into two isosceleses and a number of trapezoids symmetrically 
disposed with respect to the origin. Two outer lines are 
represented by x = - + F(y). 
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the bottom may be approximated into two isosceles located symmetrically with 
respect to the origin. 
trapezoids. 
that their superposed two-dimensional Fourier transform may be a real function 
on (X,Y). 
All the other 02N-2'1 stripes may be approximated into 
They may be paired symmetrically with respect to the origin so 
The two outer lines are represented by x = - + F(y), where 
Then the integration in (13)  aside from premultiplying factors may be expressed 
as a superposition of In, n = 1, . . ., N, each of which is the Fourier 
integral of a pair of trapezoids of an identical height h (an isosceles may be 
viewed as a trapezoid with a constricted upper latus). 
where p = IF-'(O)l = -+, and h = p/N in consequence 
, w = o  
sink o = 
I 
I 
8 
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x n = [F(nh) + F((n-l)h)]/2, yn = (n - 1/2)h (29) 
a n = [F(nh) - F((n-l)h)]/2 . (30) 
The FORTRAN program that computes Eqs.(26)-(30) was given in Appendix E, 
in which these equations were used for finding the lidar cross section of 
each CCR on the LAGEOS. 
If a CCR is moving with the velocity component v' which is perpendicular 
to the illumination axis, the Bradley or velocity aberration effect causes the 
reflected beam pattern to be angularly displaced by an amount [ l ]  
*" = 2v'/c (31) 
Here the aspect of CCR with respect to the illumination axis is relatively 
unchanged compared to the velocity of the CCR in moving. The lidar cross 
section is defined by [8] 
I(at the receiver) 
H(incident irradiance) a = 4n 
where H and I are the irradiances measured at the CCR and the receiver, 
respectively. 
So far we have assumed that the CCR has no dihedral angle error and no 
other manufacturing errors. 
errors so that the retroreflected beam may have a little degree of beam spread 
for practical purpose. The CCRs used in recent ranging satellites also have 
some degree of nominal dihedral angle error in the order of one arcsecond t o  
have spreaded diffraction pattern at the receiver which is at the transmitter 
site [9]. 
In fact, many CCRs have intentional dihedral angle 
24 
The spread of the retroreflected beam induced by the dihedral angle error 
d was found to be 3.26 nb, where n is the refractive index of the CCR prism 
[5]. More elaborate work to find the explicit expression for the six diverging 
reflected beams is found in Refs. [lo] and [ll]. The result of Chandler [ll] 
can be incorporated into our analysis of the far field diffraction pattern. 
Effects of some other manufacturing error which is random in nature was 
treated simply by supposing an equation of the form which provides the best fit 
to experimental datas [8]. 
IV. CONCLUSIONS 
In this report, we have analyzed the lidar cross section of one CCR with 
either a circular front window or a hexagonal front window. Analytic 
expressions for the effective reflecting aperture of a CCR with a hexagonal 
window have been found. The polarization change as light is reflected and 
comes out is discussed with a CCR having either uncoated or coated corner 
mirrors. That change may be treated with the Jones calculus. The result of 
this report may directly be in use for CCR arrays either for traffic signs or 
for space use. The expression for the far-field diffraction pattern of a CCR 
has been obtained under the Kirchhoff’s physical approximation on aperture 
diffraction, and analysis on the actual pattern to be obtained by the 
polarization analysis is reserved for future research. Besides analysis on the 
effect of the dihedral-angle error has not been included in this report. For 
an array of CCR, the intensity pattern in time for each CCR should be summed 
because of incoherency between reflections by individual CCRs. The far-field 
Fraunhoffer diffraction pattern will be useful in analyzing the lidar cross 
section of an array of CCRs in moving. 
This work has been supported by NASA Goddard Space Flight Center. 
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APPENDIX A: DERIVATION OF EQUATIONS ( 3 ) - ( 4 )  
I n  Figure 2, the reference axis is represented by a unit vector, 
s = [l/fl, 1/a, 1/flIT, where the superscript "T" refers to the transpose. 
We shall denote by a unit vector p the direction of light being deflected from 
the illumination axis while entering the CCR window, 
T p = [cosa cos& cosa sins, sina] 
Then from the cosine rule, c p = cos+ 
cos+ = [sina + cosa (cos6 + sinp)]/J5 
T and from Ip x cl COSY = p x c [-l/&!, l/a, 01 , 
J5 cosa (cos6 - s i n s )  
2 sina - cosa (cos6 + sins) tany = 
From these two equations (A.2) and (A.3) we may find Eqs.(3)-(4). 
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APPENDIX B: DERIVATION OF EQUATION(12) 
Assuming no dihedral angle error, one can see, including their images, 
three square mirrors each of which looks like bisecting the other two mirrors 
in the middle. The vertex of the CCR prism is at the center of each of the 
three square mirrors. 
for projection whose xy-plane is at right angle to the vector p introduced in 
Appendix A. 
new coordinate system. One corner along the z-axis would lie on the x-axis on 
the plane of projection. 
each of the three projected squares. It can be done systematically by the 
Define a new two-dimensional Cartesian coordinate system 
The vertex of the CCR prism is also chosen as the origin of the 
One may assign four coordinates to four points of 
following matrix operation: 
T T where a is one of eight position vectors such as [0 1 11 , [0 1 -11 , etc. 
Ry and RZ describe the passive rotations with respect t o  the y and z axes, 
respectively. Once all twelve projected coordinates are obtained, one can 
readily find the triply overlapped hexagon and find its area according to one 
of the four conditional phases of the hexagonal shape characterized by the 
corresponding four ranges of tana as were given in association with 
Eq.(12). Finally, considering the index difference, one should multiply 
it with cosVcoscb. 
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I 
UPDATED ON FEB. 2 8 ,  1987 C. HU H SONG makes a graph of the retro-ref E ectanc 
as a fynction of the incidence an le ~JPHI 
with fixed values RI, DGAM, and DSOL. C 
P 
RI: Refractive index of the CCR. 
CCR(DPH1): The resulting relative retro-reflectance normalized C 
C to the case of normal incidence 
C R E F  : retro-reflectance 
C DGAM: See statement No. 302 
C DPOL: See statement No. 308 
E 
P 
L 
319 
C 
30 
33. 
2 
302  
.-, 
DIMENSION RANGE(4) Y(180 1) 
DIMENSION APHI(180f,AREX~180) ,CCR(180) 
DATA RANGE/180. ,180. O.,l.l/ 
RAD( DE) =DE*ATAN( 1.1 / 4 5 .  
DEG(RA)=RA*45./ATAN(l.) 
PI=4.AATAii(l. 1 
wRITE(3,301) 
FORMAT(/ / 'I ZKER THE FOLLOWIXG DATA 
+ 'I (THAT OF F7JSED SILICA IS 1.455 READ(3,*)RI 
INPUT--- .------------------_____________ 
+ 11 RI=R~F~ACTIVE IXDM OF THE CCR., 
wRITE(3.319) 
FORHAT( / / / , + Is it-an arra 
+I* or a s i n  le C C ~  READ ( 3 ,  * 1 GACE 
of hexagonal CCRs (if so, type l!) 'I / /  
with a circular face (if so, type 6 ! 5  ? ' , / , ' I  
L 
'WRITE( 3,306 1 
IF ( LPOL 202,204,203 
305 FORMAT(/ , /  'I IS THE INCICENT LIGHT POLARIZD? YES-:, N O - 0 " )  
202 2 ~ ~ 1 x 3  L$OL 
P 
L 
203 
308 
k204 
204 
ice 'I 
DO 81 1=1,180 
ljFHI=ABS(AFHI(I) 1
IF( I.EQ.90) GAM=GAM+PI 
A?SI!I)=9O.-FLOAT(I) 
P 
72 : CALL SUBCC3(RI,GMfilAD(DP?iI),LFAC, L C G A T , l , F ! ! ( @ P O L )  ,ALP, 
+BELT, DPHIM2,AREN:,: ,TRY,CCR(I) ,TO#) 
28 
C 
C 
81 
7 
7 4  
t * :  
75 : 
76 : 
77: 
79: 
a0 : 
81: 
32: 
83 : 
35 : 
86 : 
8 7 :  
28 : 
93 : 
30: 
51: 
92: 
93: 
94: 
95: 
96 : 
?a: 
a4 : 
97: 
98: 
99: 
100: 
101: 
102:  
103: 
134: 
105: 
106 : 
107: 
108: 
109: 
110: 
111: 
112: 
113: 
114: .. ++z: 
f;?; 
& l a :  
4&3: 
1 2 1 :  
122:  
1 2 3 :  
124: 
125: 
126:  
1 2 7 :  
1 2 3 :  
123:  
i30: 
131: 
132: 
133: 
A a a :  
p i  
A d d .  
136: 
137: 
139: 
l 4 g  : 
:41: 
142: 
143  : 
*4: : 
lag: 
:47: 
138: 
$4$ : 
6 ,T35, 
I) 
1 ,  
F1 
DALP ,EBEX' CCR( SALP,DBFT,~CR( I 
309 
C 
347 
83 
84 
FcRMAT~ +"+ %-saaaaaaa EFFECTIVE REFLECTANCE OF CCR %%%%%%%%%'I / / I, 
+ / /  'I WHEN THE ANCIDLVCE ?LANE (DGAM=",FlO.G,"de 1 IS FIXb. / 
+ / /  ;" ACCEPTIBLL ANGLE OF INCIDENCE IS E??OM",F9.E," TO -",F9.6) 
2X,F10.6) 
1 
?LOT? 
OR 
1 for the beam relectivity CCR" / 
0 for the ;;ora. eff. area A R E N . " )  
CbAuiJ A I  
CALL USPLO(APH1 Y 180 180 1 ' 11HREFLECTA;JCE + 11, SrnJGLE: 5,3fi?g: 3 ,ELPJGE, 1Hl,O, k R  
-1, NO-0. 'I 
997 'NRITE(3, )""E A PLOT ON THE ELEC. STATIC PLOTTER? Yes-1 
999 STO? 
REAJ2 ( 3  1 NY 
IF ( N ' J .  E6.1) CALL CCRGRM 
m E m  
No-0" 
r 
21 
22 
C 
1 
310 " 
SUSROUTIXE CCRGRM 
DIMENSION P(180),RFTNEAPI(4,1BO),APHI(13~),CC~~13~~,~ 
REXI!JD 36 
CALL PINIT(1.5, 5 . ,  720) 
"RXE(3r21) 
FORMAT( 'How many sets of curves do you want t o  p l o t ?  
+,'I Each set = norm. eff. retroref. area & beam reflty 
+" And o u ' l l  plot the near field ref'ance. , / I  
R E X I  ( 3 , )  N 
WRITE ( 3 a 2 2 FORMAT( 1st curve : thin solid 2nd * bold soiid" + " 3rd : thin dahed 4th : boli dahed.") 
same as the PIiOCRAM CCRGRM. 
.EN 
( N  . I 1  
IF(3PP.E 1) 
CALL MGRPHL ( APHI 
CALL DATPL 2 ( APHI 
ELSE IF((NPP.EO.2 
CALL DATPLZ ( A f H I  
CALL DATFLZ(APH1 
ELSE IF ( NTF .E 
CALL DATPL2 
CALL CATPL2 ( APHI 
ELSE IF(NPP.EQ.4) 
I 6 .  1 
(130) 
, 
EO 3 NPP=1 N 
DO 1 I=l 160 
~=y~13(36 J~O)APHI(I) CCRW AREWI) ,~ALT,DBET ~?~NEAR(N?F,I) 
C C R , ~ ~ O  6 1,o 0.;6,1,67* 
,APEN i a o  o 1 o 3 o 4 0) ,cd~,iao,6,1,5,6.16,4,6) 
FORMAT( fX,F6.2 ,T20 ,PlO. 6 ,TfS ,F10.6 ,A ( 2X,F8.3 I ,ZX,F10. o 
,Ap.EN 180 -90.,90 0 .  ' 
f . O R .  (NPfi.kT.4f) 
PAREY 180,0,1,0,0. ,0,:,3) CCR*, ' 18 0 , 0 ,I , 0 , 0 . , 0 , A , 3  
8 
29 
148: 
149 : 
150: 
i 5 2 :  
153: 
154 : 
155: 
156: 
157: 
Is9 : 
i60: 
161: 
162: 
163: 
,ob : 
~ 6 8  : 
163 : 
170: 
171: 
;73 :  
1/5: 
176: 
177: 
i78: 
i / 9 :  
130: 
351: 
128: 
154: pg: 
$67 : 
L72: 
124: 
- 7  
CALL DATPL2(APHI,ARF.N I80 0 1 0 O., 0,4 3 )  
9-m CALL ??? DATPL~(A?HI,CCR,~O , 6 , i , 6 , b . ,  0 , 4 , 3 j  
CALL TITLE(1HB,21HINCIDENCE ANGLE (deg),21,.14,1) 
rn CALL WHERE 
L 
5 
4 
'E,27,.14,11 
14,l) 
SUEROUTINE SUBCCR(RI.GAM,PHI,LFACE,LCOAT,LFRESN,PC?L, 
.- + ALP, BE?, DPHIM ,ARN ,REF ,REFFR ,TOP 1 
L 
E G. HUGii SONG, FEB. 21, 1987 
COMPUTES T I  REFLECTANCE OF A C'JBE: CORNER q.CREFLECTOP, 
F X O M  SPECIFIED DATA OF THE R I ,  GAX, PHI LVGLLS. 
5 
C 
L' 
30 
3: C UPDATED ON NOV. 12, 1986 G. HUGH SONG 
4: c oyt uts tne critical entrance angle 
5: c tp! depends on the azisuth angle OGAM 
6: C witn fixed values RI and DPOL. 
7 .  l- 6 ;  
$1: 
9: 
10: 
L 2 :  
13 : 
14 : 
15: 
16 : 
i7: 
19:  
20: 
21: 
22: 
23 : 
24 : 
25 : 
26 : 
27 : 
2 5 :  
2 3  : 
30 : 
3 3 :  
34 :  
35: 
36: 
3s:  
39 : 
40 : 
4 -  : 
43 : 
44 : 
45 : 
46 : 
4 7 :  
48: 
49 : 
50: 
51: 
52: 
53 : 
34: 
5 5 :  
56 : 
28: 
5 3 :  
60: 
61: 
6 2 :  
6 3  : 
6 4 :  
65: 
66 : 
6 7 :  
'=13: 
7 0  : 
71: 
7 3  : 
l a :  
Z & :  
J L :  
27: 
41: 
r 
5 7 :  
g2:  
- 7 1  
1 . 5 :  
RI: Refrac 
CCR ( DPHI 1 : 
to t 
R E F  : retr 
DGAY: See 
CPOL: See 
tive index of the 
The resulting re 
he case of nornal 
o-reflectance 
statement No. 302 
statement No. 302 
1 
CCR . 
ative 
incide 
retrc-reflectance 
!nc e 
u 
C---- 
1 
301 
L 
313 
+" or  a 
REAZ! 3, 
nornalized 
319) I / / ?  
t an arra 
sinale CCR * 1 LFACE of w 1  
hexagonal CCRs (if so, type l!)," I / ,  
th a circular face (if so,  type O !  5 ?" , / /  1 
tuTITE(3.)" NOW, IS THE CCR COATEI? YES-I, N O - 0 "  
30 READ(3 ILCOAT IP(iCOAT)30.32 31 
GO TO 201 
31 rmiTE(3,)"'a ASSUME THE METALLIC COAT IS A PERFECT REFLECTCX" 
b32 biXITE:3,311) 
C 
311 ZJWfAT( " "hen the condition of total reflect'on is not " / ,  
291 'fl.ITE(3,306) 
306 FORMAT( / , /  " IS THE INCIDGW LIGHT POLARIZED? YES-1, NO-0" 1 
2ci2 REA13(3 1 LPOL 
+ satisfied inside the CCR, we ignore the re?lectance , / I  
0- 
IF( LPOL 1 202,204 203 
L 
2C3 
308 FC + " + 'I +" so that 1 
ITE(3,308) 
R.%T: / 
rHE SHAf,L ASSUME THAT "FIE LIGHT IS 
SPECIFY THE DIRECTION OF THE POLAR 
~ ~. DPOL=90. and DPOL=O. mean 
+ / 'I res ectively.") fiEAD( 3. 1EPCL 
LINEARLY POLAR 
IZATION IN deg 
the TE and TM 
IZED. I ,  , "?I, 
,ence , " 
204 hRIE&3,307) 
307 FORMAL ( / / / / , I' AZIXUTH 'I ,T20 "CRITICAL A3IGLE" ,T40 , "EFFECTIVE 
+ A R E A " , / / /  1 
f- 
L 
31 
c 
:E, LCOAT , 0 
dif f racti 
,PO 
or!. 
74 : 
7 5 :  
75: 
77: 
73:  
79 : 
80: 
81: 
82: 
83: 
83 : 
85 : 
86 : 
87: 
88 : 
39: 
30: 
31: 
92: 
>I.>? 
I: 
2:  
3 :  
6 :  
7 :  
8: 
5 :  
5 :  
a: 
310 
. 
31 
I 
I 
8 
I 
I 
8 
I 
I 
DEET 
DEET 
6,2(2X 
SUBROUTINE SUBCCR(RI,GAM,PHI LFACE LCOAT,LFRESN,POL. + ALP, a n ,  DPHIM , ARN ,REF ,REf'FR ,TOP 
C 
C G. HUGH SONG, EZB. 21, 1987 
C 
c 
3 
i 
310 c 
2 
C 
PROGRAM CRITGRV 
DIiNEXSION X( 0 : 12 
CALL PINIT(L.5, 
N=O 
0) ,Y(0:120) 
5 . ,  600) 
DGAM ( 0:120), CRIT (0:120) 
DO 1 I=0,120 
FO2MAT(1X,F6.2,T20,F10.6,T40,F10.6,2(2X,F8.3~ 1 
READ( 36 310 1 CGAY( I) ,SO,ETX,CRIT( I) 
CONTIN'JE 
DO 2 1=0,120 
X i  I) =fiG&Y( 1) 
P( I) =GRIT( I) 
COrnI~JE 
IF(N.E .O) 
C A L L  M8RPHL ( x , Y , 
ELSE 
C A L L  C A T L  2 ! x , Y 
END IF 
N=N+1 
IF(N.LT.3) GO TO 
121, 0.,1213., 0.,30., 
',121, 0,1,0,0., 0, 3 ,  
3 
6 . ,  
0) 
4.) 
CALL TITLE(lHL,17HCRIT. ElJ'lP. ANGLE, 17, .14, I: 
CALL TITLE(lHB,l3HAZI~UTH ANGLE,13, .14, 1) 
CALL h ' i E  
STOP 
APPENDIX D: DERIVATION OF EQUATIONS (21)-(24) 
For the moment, we suppose a CCR with unit refractive index. Then we can 
see a tilted front view of a CCR along the observation axis which is the 
illumination axis at the same time. Then we then have the six sectors and six 
angles el, 8. t R, e2 el + n, e3, and el + n that define the six sectors as 
shown in Fig. 5. 
€I3 as 
3 
Using the cosine rule, we can find the cosine of el, Q2, and 
j = 1 ,  2, 3 ,  
which will give Eqs.(21)-(23). 
directing along the three corners inside a CCR. 
Here el, e*, and e3 are the unit vectors 
Next, for a CCR with the refractive index n, those 8 . ’ ~  will appear at 0. 
J J 
in the ellipce whose short axis is the more shortened by the ratio cosWcos+ 
while the long axis remains the same. Therefore 0. and 8. are related by 
Eq ( 21) 
J J 
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>1,71P 
I: 
2 :  
2:  
4:  
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6 :  
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8 :  
9: 
10: 
11: 
i2: 
13: 
14 : 
16 : 
17: 
18 : 
19: 
20: 
21: 
22:  
23: 
24 : 
2 2  : 
~ b :  
27:  
2 8 :  
2 3 :  
3Q: 
3: 
32: 
33: 
34 : 
35: 
36: 
37: 
3 3 :  
40 : 
41: 
42 : 
43 : 
44 : 
45: 
46 : 
4 7 :  
4 9 :  
5 0 :  
zi: 
2 2 :  
53: 
54: 
55: 
56 : 
57: 
59:  
63: 
61: 
6 2 :  
63: 
64 : 
65: 
66 : 
Ea: 
6 3 :  
7 3 :  
71: 
15 : 
- 
38: 
48: 
5 8 :  
6 7 :  
* NAME GIFPAT 
L...................................... 
C G.I.IUGH SONG , updated on AFeIL 15, 1986 
C aives the diffraction pattern for  a symmetric pupil function 
C F ( y ) ,  which is givn in a functictn subprogram r------------------------------------------------------------ - 
DOUBLE PRECISION*6 TOP 
DIMENSION F!ANGE(4) SPFR(100),A(100,1) 
CHARACTER*l XORY 
DATA RI/1.455/ RANGE/O. O.,O.,O./ 
COMMON /COm/PHi ,TAP 
- RAD(DEG)=~EG*A~~W~. 1 / 4 5 .
c.. . 
9 
... 
deg ! 
C 
10 
11 
C 
100 
id1 
120 
" 
1 
IPES DO 
DPHI = I' 
YOU TAKE F R O M  zmo TO 
'NRITE(3,)::hHIcH,9P. FRE . COORD. DO YOU EIAk"r TC FIXA 
mITE(3 ) TYPE FOR 8, OR 'Y' FOR Y WITH TEE QUO, 
READ( 3 !XORY 
IjJRITZ(f ) " S E T  VALUE FOR 'MAT SP.COORD.!" 
X 
F.EAE( 3 f9.r"IX :FUORP.EQ. Y 
X=FXFIX 
ELSE 
Y ==.FIX 
ZND IF 
WRITE( 3,) "TO yrJHAT SP. F'REQ. F R O M  ZEP.0 DO YCU "ANT TO 
READ(3 1 F'2.FfA.X 
i)F=FXXk/ 100. 
TOP? 'I 
X OR Y?:: 
.FlARKS ! 
PLOT? 
DO 100 I=1,100 
STFR ( I 1 = ( I- 1 1 *9F 
IF ( XORY .E  
Y=SPFR( E i 'X') 
ELSE 
X=SFR.(I) 
END IF 
CALL FT2D(X Y,M TOP A ( i  1)) 
rHRITE(3,lOl!M T6P X6RY kORY FRFIX r"OR.WT( / / " ~ 6 .  Of. S E G L ~ ~  TiiAFEZOICS, 'I ,T40, "M=" 14, / , 
+;'I G1&.3,/, 
CALL 'JSPLO(SPFR A lO0,IOO 1,l 13H2D Fd..Ih TR,13 
'NF!ITE( 3,) 
R W ( 3  ) NY 
IF(NY.kQ.1)GO TC 11 
tJRITE(3,12O)XCRY,FFPIX 
FORMAT(/// " YOU HAVE BEEN S-ING ",A1 " = "  G10.3 "SO FAR 
R m ( 3  )NY 
hXITE(3 1 
READ( 3 )NY 
IF(NY.iQ.i)GO TO 9 
STOP 
END 
+" THE PUPfL FUNCTION IS SPREAD IN" T 4 9 , T j ~  
+'I THE 'I ,Al,"-SPAT. FREO. IS FIXED AT = ,610.3) 
+ 
+"DO YOU "T TO PLOT WITH A CIFFERENT SCALE? YES-I, XO-0" 
1 0 H S P A h L  FR, f0,2kFT, 2 ,&lCc, 1H1,0, I& 1 
+'I DO YOU t.iANT TO PLOT WITH A DIFFERENT SETTfXG? Y h - 1 ,  "3 
IF!NY.&Q.~)GO TO io 
+ I '  DO YCfi TdANT TO ANALYZE THE S W E  WITH A DIFFERENT 3?HI? 
L 
SUBP.0l.TI.W i?I'Z2( X, Y ,M,TOP ,A?.?) c . . . .  ................................. 
C G. HUGH SONG, updated on A?RIL 17, 1386 
,. / 
-oc ,  I 
I I I  
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PART 11. ERROR ESTIMATION OF SINGLE-COLOR LASER RANGING WITH A 
CUBE-CORNER-RETROREFLECTOR ARRAY AND ITS APPLICATION TO LAGEOS 
ABSTRACT 
The performance of a correlation estimator for the single-color laser 
ranging with a cube-corner retroreflector-array satellite as the ranging target 
is analyzed. The pulse shape of the laser source and the impulse response of 
the photodetector being considered as Gaussian shape, pulse broadening by split 
reflections at the array of cube-corner retroreflectors is analyzed. In this 
case of Gaussian approximations on the source and the detector, an expression 
for the root-mean-square of the timing error in ranging has been obtained under 
the assumption that shot noise and speckle-induced noise are not severe. Such 
analysis has been applied to a simulated ranging experiment with an existing 
satellite LAGEOS having 426 cube-corner retroreflectors to estimate the lower 
bound for the variance of the timing error. 
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I. INTRODUCTION 
An array of cube-corner-retroreflectors (CCRs) has been used as a target 
for laser ranging. 
used in satellite ranging in the National Aeronautics and Space Administration 
(NASA) [ l ] .  By measuring the roundtrip time of pulsed laser light, we can 
estimate the distance from the ground station to the target. 
methods for detection and estimation of received light signal, the correlation 
algorithm ( 2 1  is studied for ranging in this report. The correlation 
estimation technique has several advantages over other techniques. That 
considers both the shot noise and time-resolved speckle. It does not introduce 
a signal dependent bias that appears in the leading edge threshold technique 
[ 3 ] .  It is optimum even for non-Gaussian pulses. All current laser ranging 
systems use one wavelength (single-color) of laser light. Hence analysis on 
single-color ranging is more needed than that on two-color ranging. In fact, 
the correlation algorithm for single-color ranging is simpler to analyze than 
that for two-color ranging. 
It may be employed in land surveying. It has long been 
Among various 
In this report, explicit formulas are presented for single-color ranging 
with the target having an array of identical CCRs whose scattering cross 
sections may vary according to their locations on the target. The algorithm is 
then applied to a simulated ranging experiment with the Laser Geodynamic 
Satellite (LAGEOS). 
Dynamics Application Program [ l ] .  
target with a stable well-defined orbit. It has 426 CCRs of a circular-front- 
face type, so that laser light may be reflected and returned to the ground- 
based station. Variation of the scattering cross section according to the 
location on the LAGEOS has been studied. 
This satellite plays a key role in NASA's Earth and Ocean 
I t  was designed as a passive long-lived 
The root-mean-square (RMS) of the 
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ranging time error is calculated analytically and discussed with some exemplary 
situations of the LAGEOS. 
11. THE CORRELATION ALGORITHH FOR SINGLE-COLOR RANGING WITH AN ARRAY OF CUBE 
CORNER RETROREFLECTORS 
The pulsed laser light beam is assumed to have a sufficient beamwidth and 
a homogeneous wavefront over the surface of the target when it reaches the 
target surface. In this incidence we shall consider the signal amplitude at a 
certain point on the target, e.g., the point nearest to the light source, as a 
sequence of pulses. Individual pulses are well separated in time from each 
other and the RMS amplitude of those pulses is normalized and represented by 
f(t). After the light is reflected at each CCR, it is subject to diffraction. 
In addition, the signal power P(t) being detected at the receiver has 
uncertainty since the light components reflected at different CCRs have certain 
path differences between those components and therefore interfere with each 
other unless the individual pulse is short enough to resolve all CCRs 
spatially. We assume that the CCR array changes its aspect with respect to the 
observer slowly, but fast enough to cancel the net interference effect in the 
long run. The power averaged over such random phases can be expressed as 
M 
<P(t)> = A )  qlf(t - Ym)l 2 
m= 1 
without any cross terms. Here A is a proper proportional constant. The 
summation is taken over all CCRs that have nonzero lidar cross sections urn. 
is the time dilation associated with the reflection at the mth CCR. Taking an 
average over the random phase, one may express t h e  covariance of P(t) as 
Ym 
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where the asterisk refers to complex conjugation. The signal-to-noise ratio 
(SNR) is then defined as 
m . / -  
( 3 )  
In the case of direct detection, the mean and the autocovariance of the 
signal at the photon counter output become, according to the Campbell's 
theorem [ 4 ] ,  
17 
hw <S(t)> = - <P(t)> * h(t) , ( 4 )  
m 
Cs(t ,t ) = - 17 J' P ( T )  h(tl-T) h(t2-T) dT 
1 2 ho -m 
where 17 is the efficiency of the photodetector and hwis the energy of a single 
photon. h(t) is the normalized photodetector-impulse-response which may be 
approximated as a Gaussian function, G(uh, t), 
where 
with a RMS pulsewidth, uh, 
40 
If we also approximate the transmitted pulse intensity as another Gaussian 
1 z function, i.e., If(t)l 
( 5 )  become [ 5 ]  
= G(uf, t), then <S(t)> and Cs(tl, t2) in Eqs.(4) and 
<S(t)> = <N> fS(t, u ) , 
g 
2 t +t 
+ -  <N> G(fiug, tl-t2) f (y), 
RSN SP 
where <N> is the average number of detected photons per pulse, and 
a = JUf 2 + Oh 2 , a = J a ,  2 + Uh2/2, g S 
(7) 
(9) 
m #n L 
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According to Eq.(3), the SNR is found for a uniformly illuminated array of CCRs 
M /M M 
11 - -  L 
uf 
A correlation estimator is used to determine the arrival time of the 
reflected signal. A schematic diagram is depicted in Fig. 1 to describe the 
principle of the correlation estimator for single-color ranging. 
with the pulsewidth uf (assumed to be a non-random variable) deflected by a 
beam splitter is detected at the detector D1 directly at the ground station. 
The width and timing of the laser pulse may be measured at this stage. Here 
most of the pulsed laser power is directed to the target (LAGEOS). Being 
reflected at the target, the light returns to the ground station and is 
detected at the detector D2. 
responses are the same, and are uh. 
the time elapsed until the pulse returns from the target. Then T is to be 
measured from the two outputs of the detectors D1 and D2. 
are supposed to be processed with infinite speed for correlation. 
A laser pulse 
The pulsewidths of both detectors' impulse 
Let T be the random variable representing 
These output signals 
Each output signal S(t) at D2 may be quite different from the previous 
ones since the target changes its aspect with respect to the light source even 
though the aspect is very slowly changing. This continuous change of S(t) is 
due to speckle. The speckle-induced noise can change the detected signal 
pattern because individual light pulses reflected at different CCRs interfere 
with each other unless light pulses are narrow enough t o  resolve individual 
CCRs . 
Now we shall suppose an expected received signal S(t) by simulation as if 
n 
k- -4 
\ I v /  
Pulse I 
L 
I 
Figure 1. (a) Schematic diagram of the single-color laser ranging system with 
LAGEOS as the ranging target. (b) Pulse patterns at the output of 
the photodetectors D1 and D 
(FWHP = 2uh) and a Gaussian-shaped pulse laser having FWHP = 2 u f .  
In the same time scale the expected pattern S(t) is also 
illustrated. See text for details. 
with a Gaussian-shaped impulse response 2 
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the LAGEOS were laid right behind the beam splitter and illuminated by a 
uniform plane wave. 
S(t) as 
We then correlate S(t) with the actual received signal 
- 
01 
R(T) = J S(t-T) S(t) dt 
-01 
This is the cross correlation function of the two signals when S(t) is assumed 
to be stationary. Here we assume that, compared to the motion of the target, 
the repetition rate of the light pulse source is so high that we may neglect 
the change of the aspect of the target with respect to the observing station. 
Still, it is assumed that the slight change of path-length difference of light 
components reflected at different CCRs gives rise to totally random phase- 
difference between those light components. In this respect, we can use the 
expectation as the average over the random phase. Also we assume that there 
exists an accurate delay to locate the expected signal s( t-T) when correlating. 
Then the correlation estimator can be writ ten mathematically as 
T~~~ = arg[max R ( T ) ]  . 
T 
Using a Taylor-series expansion (61, we linearize dR(r)/dt around T = T ~ ,  the 
representative round-trip time obtained by astronomical computation or by 
averaging past several T ~ ~ ~ ’ s .  
d - d  d2 
I .  
‘r 
- R(T) = fi R ( T )  + ( T - T ~ )  7 R (  T) 
dr *r 
dt I 
44 I 
dR( r)/dp vanishes at r where R(r) is maximum. Therefore 
= ‘COR 
2 2 provided that d R(T)/dT 
measured 7 Note that the validity of Eq.(16) strongly depends on the COR ’ 
validity of Eq.(15). So when the detector output has rugged peaks due to 
split reflections at CCRs, we should obtain rCOR by choosing the maximum among 
several peaks of R(T) according to Eq.(14). 
does not vanish at ‘I: = rr. This gives the newly 
To evaluate the performance of the correlation estimator, we shall 
consider the mean square error of T when 
true round trip time. Under the assumption 
COR 
are not so severe that 
n 
d2R( T) var(- 2 d T  
the variance of 
M AT^^^^> = 
r is ideally chosen at r0, the 
that the shot noise and the speckle 
r 
rcOR,  AT^^^^> of the correlation estimator, defined as 
can be calculated. Now we shall assume that by monitoring the LAGEOS we have 
the complete information on the aspect of the LAGEOS - the information on which 
face directs the ground station with what azimuth angle. Then, since both the 
speckle and the shot noise induced fluctuations in one shot of  detected pulse 
is uncorrelated with those of previous pulses, we may assume that supposed 
expected detected signal may have the structural peaks due to timely resolved 
CCRs and that S(t - T ~ )  is equal to <S(t)>. Therefore 
1 
I 
P 
I 
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a -  a -  d -S(t-.r) aT I = - -S(t-.r at 0 ) = - z<s(t)> . 
TO 
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This enables us to express the bias <T > - T of the correlation estimator in 
terms of the mean function of S(t) 
COR 0 
As long as <S(t)> is a normalizable function, the denominator vanishes. 
Consequently, < T ~ ~ ~ >  = T . 
true round trip time. The same reasoning applies to derivation of the 
expression for <b-rCoR2>. 
This result is quite reasonable since T is the 
0 0 
<ATCOR 2 > = <(TCOR - To) 
m m  a a 
[ f <S( t)> %<S( t)>dtIL 
-aD at 
As mentioned in the case of two-color ranging [ 2 ] ,  Eq.(21) gives the lower 
bound of the variance in the correlation estimator. The actual timing variance 
is expected to be higher depending on the actual SNR and owing to nonideality 
of the delay. Besides, lack of exact information on the aspect of LAGEOS makes 
us to suppose only a smoothed expected pulse pattern S(t), which makes the 
actual timing variance in the case of  single-color ranging greater than that 
estimated by Eq.(21). Then if we assume <N> is so large that we can neglect 
the first term of Cs(tl,t2) in Eq.(8), <“FOR2> is found to be approximately 
46 
g m fn 
On the other hand, if <N> is not so large, we should retain the first term of 
Eq.(8) into the integral in Eq.(21). Under the assumption that af >> ah, one 
can reduce the integral due to the first term into the following summation. 
M M M M  
2 
2( t an) t t tamum'an,13af - (Ym+Ym,+Yn,>(Ym+2Ym,+2Yn,) + 9Ym,Yn,] 
to (22). Then we should add this to (22) to evaluate <fhco;> when <N> is not 
so large and uf >> oh. 
111. APPLICATION TO LASER RANGING WITH THE LAGEOS 
Once the information on the lidar cross sections and mutual optical path 
difference of the CCRs is given, one may readily find the root-mean-square of 
the timing error of ranging by summation only. Study on lidar cross sections 
of a CCR array has been done by the present authors [7]. When one estimates 
the lidar cross section of a CCR on the LAGEOS, he has to consider the follow- 
ing factors. First, the front face of a CCR is tilted from the normal 
illumination. Second, the triple-corner-mirrors are not coated.. Third, the 
laser light is linearly polarized. Fourth, there are some manufacturing 
errors including an intentional error in the dihedral angle. However, an exact 
I 
I 
I 
I 
I 
I 
I 
I 
1 
1 
I 
I 
I 
theoretical estimation of the lidar cross section formula in which all the 
above facts are considered properly is not yet available. As we mentioned in 
Ref.[7], the intentional error in dihedral angle and other manufacturing errors 
make the computation of the lidar cross section very difficult. Numerical 
estimation formulas for such computation was found by the present authors in 
Ref.[7]. Hence empirical evaluation of its variation deserves our notice [8]. 
However, for evaluation and analysis of various detection methods for ranging 
with CCR arrays, a reasonable numerical formula for estimating the lidar cross 
section of a CCR is needed. 
For analysis and evaluation of the timing error, we shall use the results 
in Ref.[7], in which the above-mentioned first three factors for estimating the 
lidar cross section were considered in the computer program completed for the 
first two factors. So in the computer program we are using here, it is assumed 
that the corner-mirror system is not coated, but it is neglected that the six 
sectors of the effective reflecting aperture of one CCR reflect the six light 
components that interfere with each other and consequently make an interfer- 
ence pattern at the receiver site decreasing the lidar cross section irregular- 
ly. So the following results should be revised when we incorporate the exact 
estimation formula in Ref.[7] for the lidar cross section when linearly 
polarized laser light is illuminated into the computer program. 
Here we show in Figures 2, 3 and 4 the expected pulse pattern when we do a 
ranging experiment with LAGEOS. (t) have 
been plotted with uf = uh = 20 psec and with an aspect of the LAGEOS whose 
south pole is directed to the ground station. The pattern depends on the 
aspect of the LAGEOS. Pulse patterns in Fig. 3 were obtained with varying 
pulsewidth with this aspect of LAGEOS. 
can retroreflect by total reflection at the triple mirror system, while 87 CCRS 
In Fig. 2, the functions fs(t) and f 
SP 
In this case, only 20 CCRs out of 426 
47 
48 
10.0 I I I 
n '  
I I 1 I I 
- 
Figure 2. The normalized pulse pattern fs 
function pattern f (t) (dashed 
the south pole of EaGEOS directs 
8.0 1 
0 
0 
X 
- 
TIME (nsec) 
(t) (solid line) and its speckle 
line) with af = uh = 20 nsec when 
the ground station. 
~ 
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I .oo 
n 0.60 
t 
v 
Y, 
w- 
0.40 
0 
0 0.20 0.40 0.60 0.80 I .oo 
TIME (nsec) 
Figure 3 .  The expected pulse patterns S(t) or fs(t) that would be obtained 
after normalizing to each maximum and averaging over the random 
phase due to speckle and after removing the shot noise of the 
photodetector. Patterns are drawn with varying pulsewidth u with 
fixed uh = 0 when the south pole of LAGEOS directs the ground 
station for the purpose of comparison with those in Ref.[l]. 
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0.25 0.30 0.35 0.40 0.45 0.50 
TIME (nsec) 
Figure 4 .  The expected pulse patterns S(t) or  f (t) that are obtained with 
varying pulgewidth a 
latitude 85 ) directsf t o  khe ground station. According to the order 
of  degree of ruggedness, the patterns are obtained with uf = u = 2, 
5 ,  10, 20, 40 psec. 
shows the spatially resolved CCRs with a few exceptions at 0.277 and 
0.33 psec. 
- a when a L A d O S  coordinate (longitude 10' 
The most rugged pat tern ( uf = uh = 2 psecp 
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can do so with positive effective retroreflecting areas. 
obtained when the aspect of LAGEOS is quite arbitrary (latitude 85' and 
longitude 10' on the LAGEOS coordinate) but still fixed with 
respect to observer. In this case, 23 CCRs can retroreflect the incident light 
by total reflection, while 99 CCRs can do with positive effective 
retroreflecting areas. In computing the lidar cross section of each CCR, the 
velocity aberration effect due to the LAGEOS linear velocity on its orbit has 
already been considered. That is, the maximum spot of the far-field 
diffraction pattern was assumed to lie 34prad off-axis from the ground station 
[l]. The former aspect is one of the two aspects of the LAGEOS (that the north 
of the south pole faces the ground station) with which the light components 
reflected at different CCRs interferes most severely. On the contrary, the 
second aspect of the LAGEOS shows a pulse pattern which is virtually 
uninterferred when the pulsewidth of the laser light and that of the impulse 
response of the detector is narrow enough to resolve every pule reflected at 
each CCR. This feature can also be inferred from the timing error analysis. 
The SNR and the RMS timing error for each case hae been calculated 
according to E q s .  (12) and (22)  under the assumption that <N> is sufficiently 
large. In Table 1, they are tabulated for the two foregoing aspects of LAGEOS. 
It was found that, except almost improbable particular aspects, like the first 
case of the LAGEOS aspect (south or north pole) and like that of Ref.[2] (a 
flat array of CCRs whose faces direct the laser light exactly), the timing 
error can be greatly reduced up to the quantum limit when we use extremely 
short light pulses and an extremely fast photodetector. The RMS values of the 
timing error in Table 1 were obtained without considering the fundamental limit 
imposed by wave mechanics. Therefore values less than psec are 
theoretical values when the light source with a wavelength much shorter than 
Those in Fig. 4 were 
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TABLE 1. The root-mean-square values of timing error ( L \ T  ) and the signal- 
) for the two aspects of theCe!GEOS with varying to-noise ratio ( R  
af, and ah, the p5ysewidths of the laser and the photodetector, 
respectively . 
(a) For the aspect that the south pole faces the ground station. 
0.1 
1 
3 
10 
20 
62.5 
125 
250 
500 
1000 
0.1 
1 
3 
10 
20 
0 
0 
0 
0 
0 
5.431~10-~ 
5.431~10~~ 
8.420~10-~ 
6. 390x10-1 
8.08 
32.98 
46.07 
58.98 
64.29 
65.54 
4.4710 
4.4710 
4.4710 
4.3730 
4.020 
2.0619 
1.444 
1.172 
1.074 
1.046 
(b) 
longitude 10 - faces the ground station. 
For theoaspect that the LAGEOS coordinate - latitude 85O, 
af = ah RSN 
0.1 8.299~10-~ 1006.1 
1 6.321~10-~ 83.263 
2 0.1283 59.382 
5 2.1235 20.856 
10 6.2758 9.4821 
20 17.040 4.7458 
40 25.161 2.6683 
53 
the visible range of wavelength is used. In Appendix A, a computer program is 
given, which computes the SNR and the RMS timing error and plots the expected 
pulse pattern fs(t) and the speckle pattern f 
and given pulsewidths of the laser and of the photodetector. 
(t) for a given aspect of LAGEOS SP 
CONCLUSIONS 
In this report, the correlation estimator for laser ranging with a 
single-color laser has been studied. Pulse patterns which will be obtained by 
actual ranging experiment are obtained by simulation with the RMS timing error 
that will accompany in somewhat idealized experiment. It is idealized because 
we usually do not know the aspect of the CCR array unless it is fixed. 
Gaussian approximation has been employed throughout the analysis. That is, the 
laser pulse and the impulse response of the detector have Gaussian pulse 
shapes. An expression for the variance of timing error with a given array of 
CCRs characterized by the lidar cross section and the mutual pathlength 
differences was found. It was then applied to LAGEOS with somewhat incomplete 
data on lidar cross sections of each CCR. It is incomplete since the 
polorization change has not been simulated. It should be revised when the data 
for correct lidar cross sections is available. 
Aside from incomplete datas for the lidar cross section, the timing error 
analysis has been based on the fact that the expectation of the received signal 
is fully known. For this statement to be true, we must have complete 
information of the aspect of LAGEOS, which may hardly be obtained. Therefore 
the timing error analysis made in this report gives the theoretical limit or 
lower limit of the timing error. However this work will provide the basis for 
comparison with other detection techniques and will also provide the way of 
evaluating various CCR arrays that were and will be developed for ranging 
application. 
The support from NASA for this work is greatly appreciated. 
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227: 
228: 
A 3 0 :  
L31: 
222:  
235:  
236:  
237 : 
233:  
239:  
2 4 0 :  
241: 
242: 
343 : 
244 : 
2-25: 
246: 
247: 
24.3 : 
2 4 3 :  
2 5 2 :  
234 : 
25b: 
257:  
259: 
259:  
260 : 
2 6 2 :  
2 4 5 :  
p: 
zzq :  
L i e :  
-- 
-3* : 
7 5 i l .  
223:  
255 : 
- r  3 r O A :  
L i b :  
2 7 2 :  
2 7 3 :  
2 1 3 :  
276:  
2 7 7 :  
2 z 5 :  
C 
C 
C 
C 
C 
C 
c 
93 
21 
a!: 
,- 
CALL SYBCCR(1.455,s@ €"I 0 O,L?XIESN,POL,ALP,BF, + DFhIM , h l N  ,TOTP.rs ,fiEF ,*Ob 1 
.O. 1 GO TO 80 
IF(TCTXF.GT.0.) NEFCCX=NEFCCR+l 
CAUL FTZD(XK,YK, .Ol,TGP,FT) 
*iFL"CE&R+l 
\Cou_nt the No. of effective CCRs. 
C 
L" 
C 
a7 
C 
C 
8 '3 
58 
34 
95 
I- 
L 
DO 85 N=2,426 
IF(XSC(N).EQ.O.)GO TO 85 
NACC=NACC+l 
wRITE(3,)u' NACC,N 
:.3: =N- 1 
RMSDEN=RMS~EN-XSC N I w c  ( N) 2 .  
4 
-./SIGF(J)/SIGF 
TD*TD/SQSG4-.5 
GO a7 IT=l,ZOl 
TiTM=T(IT)-TM 
FSP(Li,IT)=FSP(J,IT)+2.*SPGAM + *EXP(-TITM*TITM/SIGG/SIGG)/SIGG/SIGG/SQRTtPI 
30 88 NP=i,426 
IF(XSC(NP).E .O.)GO TO 58 
TPN=TX-PTH(N 8 ) 
CSNOM=O. 
58 
2 9 6 :  
237: 
238: 
233: 
700: 
301: 
302: 
303: 
304: 
305: 
306: 
357: 
394: 
3ukJ: 
31C: 
311: 
312: 
3 i 3 :  
314: 
315: 
316: 
317: 
318: 
32L: 
2i3: 
324: 
325: 
32s: 
d b 9 :  
3 3 0 :  
331: 
333: 334. 
, .*. - -  - * a  
32b: 
7 - 1 .  4 3 , .  3 3 2 :  
339: 
" G :  
342 :  
343 : 
2 - 0 :  
347: 
349:  
343: 
342: 
& y :  
322: 
77- 
- A I  : 
253: 
-$ - - .  
22,: 
-I-- 
::I: 
- . ,  
2 4 4  : 
1 E ,-, 
- - 1  >SA: 
-=-I 
_. 2 ,J : 
j a b :  
3 5 3 :  
354 : 353: 
337: 
358 : 
359: 
2 6 3 :  
361 : 
3 6 3 :  
2 6 2 :  
2 6 0 :  
367 : 
3 6 8 :  
369 : 
336: 
3 6 2 :  
7 r :  
-0-2 : 
37 
83 
PRODUCES SIX ARRAYS OF COORGINATES A+ND O R I ~ A T I O N S  
AXD THE COMMON RADIUS CF ALL 426 CCX'S. 5 
k 
C 
C 
C 
C 
id--- 
G 
c 
389 
339 
C 
x8Y ,Z: CARTESIAX COORDINATES 
SPHERICAL COORDINATES 
R : W.E C O W O N  RADIUS 
TSE: LONGITUDE (NORTH POLE : THE=O.) 
PSI: LATITUDE 
OR1 : ORI-cNTATION OF ONE D G E  OF A CCR 
DIMENSION DTH%( 20) DOXI ( 2 0  I BETld( 20 I NUM( 20) 
COXYON /LAGE/X(426f ,Y(426) ,2(426) d ( 4 2 6 )  ,?SI(426 
DATA X . . N / l  2 , a  20 33, 61,89 119 i60 182  + 214,246,278,309,346, 367 340,468,ac) ,426/ 
DATA DTHE~O., 10.118, 19.848, 29.979, 39.309 
L 49.039, 58.769, 67.018, 76.748 , 35.136, 
+ 94.865, 103.252, 112.982, 121.231, 130.961, + 140.691, 150.421, 160.151, i ~ ~ a a i ,  1 8 0 . 1  
CATA DORI/55., 91., 43., 31., 29., ll., 37., 63., 
f 94.,132.,110., 24 .  5a , 76., 7 8 . '  go., 
DATA SETI/7*0., l., O., l., i . ,  i . ,  l., 7.tO. l  
FI=4.*ATAN(1.1 
R=. 2721 
, - - - - - - - - - - - - - - - - - -_ - - - - - - - - - - - - - - - - - - - - - - - - - - -  
,426 P9 
jG3 TO aa9 
I+1 -K;UM( 1 1  
I(4261 
55.I 47., 
is., 102.1 
10 
29 
L..................................... 
C G. KJGH SOpG, ugdated an APRIL 15, 1986 
SLG : SLOPE OF ~ C H  Lrrwi..Izm TEW'EZOID 
ap : THE HEIGHT OF THE I S O S C ~ E S  
,- 
TOP : T i  TOF POINT 3F T i  P W I L  
B : THE HEIGhT OF THE TRAPEZOID 
X , Y  : TIiE SPATIAL F2EQUGiCP 
5 rn
b 
2 
1 
I 
I 
I 
59 
~ M X N A L  PAGE B 
OF POOR QvALrTyl 
370 
371 
372 
373 
3 1 5  
376 
377 
373 
379 
333 
3 3 1  
382 
3 8 3  
384 
3% 
387 
388 
389 
390 
391 
3 3 2  
3 3 3  
334 
395 
3 3  I 
3 3 8  
399 
400 
401 
402 
403 
404 
40s 
4ci3 
4ci7 
438 
41 2 
411 
413 
414 
3z4 
385 
335 
. . 7  
* A -  
+;z 
3r'jl 
413 
GI .3  
420 
421 
4 2 2  
4 25 
425 
4,' 
4 2 3  
430 
S3i 
432 
4 3 3  
4 3 4  
435 
436 
437  
4 3 3  
433 
44," 
4 4 1  
44.2 
443 
$2: 
428 
' f 4 L . f  
N=IFIX(TOP/B) 
EIP=TOP-N*B 
SLO=-F(N*B)/BP 
TMBsTOP-BP 
TMB2=TOF-BP/2. 
IF(X.Eg.0.) 
FT=2. SLO*BP* 
2 )  BP*Y) 1 
BP*YPX) 
YPx=Y+X*SLO 
YMx=Y-X*SLO 
FT=2./X*SP*(SIN(TMB2*Y-SLO*BP*cX 
END IF 
-SIN~T~.IB~*Y+SLO*~P*W~.~*SINK + 
C 
- 
*2.  /Z 
PHI 
' (  1. 
5 .  201) 
5%. z+3,3, 
11EITIXE ( n  
Y2, io 1, x1 
Yi,2g1,0,1 
Y2Y, 6 .  , 4 . )  
.sec 
60 
444 : 
445: 
446: 
447 : 
448: 
449 : 
450: 
451: 
452:  
453: 
454: 
455 : 
456: 
457 : 
458: 
459: 
4bA: 
462: 
463 : 
46.; : 
l b 6 :  
467: 
469 : 
4 7 0 :  
47i: 
4 7 2 :  
4 7 3 :  
4 7 4 :  
463G : 
455 : 
4ga: 
,Y(10,201),z(10,201) 
SCALING- - - - 
1 
----- 
1 )  
DO 3 J=l,NG 
DO 3 1=1 201 
DO 5 1=1,201 
DO 4 J = l  NG 
X( I f =X( I) h i .  E9 
YM( J) = ~ i i  ( YM( J 1 ,Y ( J , I 
Y(J I)=Y(J W Y W J  
3 
C 
4 
5 
C - -  
CALL PINIT(1 
DO 1=1 201 
YG(L)=Y(I I) 
IF(NG.EQ.1) 
CALL MGRP~L( 
, . 5 *  5 .  
7 
C 
X YG 2 
G6 T6 
,01 ,X( 
999 
0. , I. 6 . ,  4 . )  
1 a 
6 !X YG 20 
1HB ,1 lHT 
mi, 5kF5 x: 
'IME 
399 
c 
SUSROLTINE SUBCCR (RJ .GAM , P H I  LFACE LCOAT ,LFT.ESN, POL, 
+ ALP ,BET, DPHIX,&.N ,RE ,R* ,TO+ 1 
G. HUGH SONG, FE3. 21, 1987 
COPPJTZS TI-?? REFTYECTLVCE C F  A CUBE CORN= R,ET'ROREFLECTOR 
F3GN SPECIFIED DATA OF THE RI , GAY, PHI LVGLES. 
R I :  zcfractive index of the CCR! 
GAii(rad):Angls ofcthe plane of incidence 
It is measured &ram one edse direction (north pole). 
PHI: angle of-incidence to the front &acs of the CCR. 
LFACE: ~f I, i$ has a-hexagonal face, or if 0, a circular f a  
LCQAT: If 1, tne K R  is coated, if 9, uncoated. 
POL: angle cf ooiarizatjon axis, POb=O, apd F O L = F I / 2 .  mean 
BET=MJGLE O F  PASSIVE EOTATION WITH SESTZCT $3 TtiE Z XC3 
ALP=iUIGLE 3F PASSIVE ROTATION NITI i  2ZSPECT TC) '5E Y-?RIPE AX 
DPHIM=MAX ACCEPTANCE AKLE OF I N C I C E J C E  TO REACH THE VZ3TE"< 
A R P J = N O R W I Z E D  EFFECTIVE REFLECTING AREA 
REF=REFLECTL,Z'CE FOR INTENSITY 
tne TM aAd TE incidence, re= ective, 
.cc 
:Is 
Be sure to use the P option in SAW77 cornpilatian. 
light 
of the 
. -GAP!) 
through 
vertex 
,ABS i 31 
gle of transmitted ront 
ABS ( - G PiX 1 
513 
z 7  a 
j A. 2 
520 
521 
522 
523 
524 
525 
526 
527 
528 
529 
530 
531 
532 
533 
534 
5 3 5  
536 
537 
539 
54 0 
342 
545 
546 
547 
548 
549 
550 
551 
552  
553 
5 5 4  
d&+ 325 
33 1 
55a 
5 5 2  
5Gd 351 
-h7 
$63 
z c 4  
565 
266 
267 
568 
538 
2 4 1  
2% 
d-k* 
C E C  
563 
22; 
570  
5 7 1  
574 
575 
576 
577 
578 
573 
580 
581 
k - / 2  
gaz 
283 
584 
585 
5 8 6  
587 
588 
533 5 3 0 
531 
ORIGWAC PAGE IS 
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SI?M=SIN(ATLV(TA?!4) 1 *RI 
DPHfM=90. 
IF(SIP~.LT.I.)DfHI~=ASI~(~X?~)~l80./?1 
IF(TA?.GE.TAPM)RETU,PN !REF=O. is to be returned. ,- 
L 
P 
CALL ALPBET(GAM,ALP,BET) 
C................................................ 
GAMS=AMINl(ABS(GAM) ABS(GAM-2.*PI/3.1, ABS(GAM-4.*PI/3.1, 
CALL ALPBET ( GAMS ,ALPS, BETS 1 
+ ABS ( 2. *Pf -GAM) 1 
P 
L 
SIB=SIN(BETS) 
COB=COS(aETS) 
C 
C 
C 
" 
SIA*SIB/COB 
CIiECX TSE TOTAL REr"LECT1ON 
e 
E 
CALCULATION OF REFLECT.WJCE ( 9EF 1 
Xr'oRiWIZED TO TYE CASE OF NORXAL INCIDENCE ... ... .... 
wave 
:2 1 
i .n 
?G!N 
---- 
:TAP 
.......... 
the futur 
61 
62 
1 
L 
333 
REF=O. 
I3.m IF 
CONTINUE 
--?JO NORMALIZATION w 
.*RI/(RI+l.)/(RIil.) 
c 
SUBROUTINE ALFBEC(G??M,ALP BET) 
COMMON /ALEE/ SIA, CO? ,RT2, S I P  ,RT3, COA ,TAA,PI 
600 
7 0 0  
IF*COG) 
-SIAI /C 
)GO TO 
( SBOR2 1 
BL”r=FI / 
/RT3 
‘OA/RT2 
600 
2. -9Er 
INC IDENCE. 
I 
I 
*. PROGRAY POSTVEL 
63 
I 
I 
I 
8 
B 
I 
I 
I 
I 
I 
I 
I 
c--------- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
C G. HUGH SONG u dated on FEB. 21, l987 
C Plot s  the siirnal pulse shape func$ion Fs(t) 
and the speckle pulse shape function Fs2tt). 
along with the root.mean square error of ranging. 
xne veloci,ty a5eratioF is consicierec? in this ro ram. : r i n a l l g ,  tne rms ranging error (RMSERR) i s  cafcuyated. 
C 
C THIS ?ROGRlk"l RESUMES TGiiE WORK VEL AFI'E3 A WILE 
Lz 
L 
P 
READ( 77 
DO 175 
DO 174 
sEAD(66 
2EAD( 77 
5 
I 
I 
c 
J C  NOCCR , NEFCCR , P W A I  
=1 .fc PTHMA 
, RXSERR 
'XRITE(3,)" J = wSat d'yu p l o t  on screen? If J = O ,  no plot." 
READ(3 1 J 
rKRITE( f 352 11 .El2*SIGF( J) 1 .El2*SIGy( J )  
FCRMAT( f X  "LASE2 PC'LSENID"H SIGF= GA6.7 "Dsec. '' 
IF(J.EQ.0) GO TO 120 
+ I *  ;IECEIT~ER ne. E S P .  m L s m I j %  : s IGA= ,GI&. 7 ,  #*pet!  fi ,I I 
EO 119 I=l,ZOi 
FSYiI,l)=FS(IT,I) 
FSPY ( I, 1) =FSP ( J, I) 
' ~ f ~ ( ~ , 5 l ) ~ M S E R ( ~ ) * l . E 1 2 , S ~ ( J ~ , ~ ~ C C ~ , ~ O C C ~ , ~ . ~ 3 * ~ ~ M I , l . ~ 3  
FOEAXAT( / / 1 " T!-E RES ERROR CF ,W.3GING 4.5 " ,G10.3, " p s ~ c .  ' I , I 1, + XPTI;?!! 
+" TXE SIGNAL-TO-NOISE RATIO IS " ,G10. i ,  I I ,  
+" Tke total No. of effectively reflectin CCZs is " , 1 3 , 1 1 ,  
t" The t o t a l  No. of CCRs with positive re? 
+'I  
area is ",I3,/1, 
from PW!4I="  ,G10.3 ,"nsec t o  L?T"A=" ,~13.3, "nsec. 1 1 . i  i i  I 
3 7 9  h i . X Z ( 3 , ) ' '  Another p l o t  i n  the screen? Yes-l, 210-0." 
3 S m  i l  ; NTI 
X : X Y . & . l I  GO TO 377 
64 
3 'I Se 
than 
t i  
the 
t agajn € o r  a' 
origmal =ax. 
nsce plot." 
Jmax=?" ) 
L 
7 
C 
339 
'G, 2 0 
5rrF.3 
1 1iiT 
6., 4.) 
1 
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